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Abstract
In the classical theory of general relativity black holes can
only absorb and not emit particles. When quantum mechanical
effects are taken into account, then the black holes emit parti-
cles as hot bodies with temperature proportional to κ , its sur-
face gravity. This thermal emission can lead to a slow decrease
in the mass of the black hole, and eventually to its disappear-
ance, also called black hole evaporation. This characteristic
allows us to analyze what happens with the mass of the black
hole when its temperature is increased or decreased, and how
the energy is exchanged with the external environment. This
paper has the aim to make a review about the mass evolution
of Schwarzschild black holes with different initial masses and
external conditions as the empty space, the cosmic microwave
background with constant temperature, and with temperature
varying in accordance with the eras of the universe. As a re-
sult, we have the complete evaporation of the black holes in
most cases, although their masses can increase in some cases,
and even diverge for specific conditions.
Keywords Black hole thermodynamics · black hole
evaporation · mass evolution of black holes · Schwarzschild
black hole
1 Introduction
The theory of General Relativity (GR) was published by Al-
bert Einstein in 1915 [1] and changed completely our de-
scription of the universe. Since now gravity is no longer an
action-at-a-distance force, but a geometrical property of a
curved space-time, i.e., the gravitational field can be inter-
preted as the result of the space-time curvature [2–7]. The
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black holes are one of the most interesting predictions of the
theory, and they appear at the end stage of very massive stars
collapse, when no internal process can generate the neces-
sary pressure to balance the gravitational attraction [8–10].
These objects are characterized by singularity and an event
horizon, from which classically nothing can escape, not even
light [11–15].
Although GR has passed many experimental tests in the
last century [16, 17] there are some reasons to suppose it
is not the final theory for gravitation, because it explicitly
predicts singularities (as the ones inside black holes) [18–
21] and it does not agree with the Quantum Field Theory
(QFT) in the appropriated limit. Even thought there is still
no satisfactory candidate to unify GR and QFT, a minimally
consistent junction is made by the Quantum Field Theory
in Curved Space-time (QFTCS). In this context the matter
fields are quantized, but gravity is still classically described
by GR [22–27].
In 1975 Stephen Hawking published his emblematic pa-
per “Particle Creation by Black Holes” [28], where he stud-
ied effects of a quantum field in a classical background using
the semi-classical approach of QFTCS. It caused scientific
upheaval at that time because the result was opposed to the
classical idea that black holes are passive objects, in sense
that they just absorb matter and never emit them (and hence
have zero temperature). By quantizing the scalar field in a
spherical symmetric collapse scenario, Hawking proved that
black holes emit particles asymptotically in the future, and
therefore have non-zero temperature.
Even though the Hawking paper officially inaugurated
the so called black hole thermodynamics, the idea that black
holes should behave as thermodynamics objects appeared
previously, in 1973 with Jacob Bekenstein [29]. Based on
the Hawking area theorem [30], that says that the area of
the event horizon of a black hole cannot decrease, Beken-
stein established a formal analogy between the laws of ther-
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modynamics and the laws of black hole mechanics, defin-
ing an entropy for the black hole related with its area. This
result showed that black holes physics is intrinsically irre-
versible, presenting an arrow of time, just like thermody-
namics [31–38]. However, the analogy proposed by Beken-
stein was incomplete because it did not include the temper-
ature of the black hole, only the entropy, since classically
all black holes possess zero temperature, and he could not
solve this inconsistency. It was Hawking’s paper [28] (using
QFTCS) that gave the correct meaning to the temperature
and entropy of black holes.
With the expressions for the temperature and entropy de-
fined, the black holes can be analyzed as thermodynamics
objects, and an interesting property of Schwarzschild black
holes, that will be shown in the present paper, is that they
have negative heat capacity, a feature that does not allow
them to achieve thermal equilibrium with an energy reser-
voir. Thus, a Schwarzschild black hole in empty space will
lose energy and increase its temperature until its mass ap-
proaches zero. When this happens we have the so called
black hole evaporation, although the final configuration is
still unknown [39]. Since a black hole in empty space is
an idealization, we will also study the mass evolution of
Schwarzschild black holes when immersed in the cosmic
microwave background radiation with constant temperature
and with temperature evolving in time according to the uni-
verse eras: radiation, matter and dark energy [2, 4, 40].
The objective of this paper is briefly present the laws
of black hole thermodynamics (see Section 2), then show
that black holes cannot achieve a thermal equilibrium with
an energy reservoir (see Section 3) and analyze the mass
evolution of them (see Sections 4, 5 and 6). At the end we
discussed our results.
2 Analogy between black hole mechanics and
thermodynamics
Accordingly with [28], the expression for the entropy S and
temperature T of a Schwarzschild black hole are:
T =
κ
2pi
=
1
8piM
, (1)
S =
A
4
= 4piM2, (2)
where M is the mass, A = 16piM2 is the event horizon area
and κ = 14M is the surface gravity evaluated at the horizon
of the black hole [2–4, 22, 31, 32, 36]. Also, the black hole
mass M is identified with its energy: E = M. Note that, in
the above expressions (and in many other expressions in the
present paper), we are going to use Planck units, i.e., we are
considering the speed of light c, the universal gravitational
constant G, the reduced Planck constant h¯ and the Boltz-
mann constant kB all equal to 1. We will retake those con-
stants when convenient.
With these explicit equations, we are now able to relate
the laws of thermodynamics with the laws of black hole me-
chanics for a Schwarzschild black hole. This analogy can be
seen in the table 1. The 0th law connects the temperature
T of the black hole with its surface gravity κ . The 1th law
states that the mass of black hole M represents its total en-
ergy, related with the thermodynamic internal energy U of
a system, and that the work term dW is represented by the
variation of angular momentum dL and charge dQ, with ΩH
representing the angular speed and ΦH the electric potential
at the event horizon. Finally, the 2th law links the area A of
the horizon to the entropy S of the black hole.
3 The inaccessibility of thermal equilibrium with an
energy reservoir and its implications
In classical thermodynamics, bodies exchanging energy with
a thermal reservoir eventually achieve a stable equilibrium,
i.e., these bodies acquires the reservoir temperature in a fi-
nite time and remain with it. However, for a Schwarzschild
black hole, this thermal equilibrium is never achieved. To
show this, let’s first derive the heat capacity of a Schwarzsch-
ild black hole [41, 42]:
C =
dE
dT
=
dM
dT
=− 1
8piT 2
=−8piM2 < 0. (3)
Notice that C < 0, and the negative sign is responsible for
this unusual feature. Let’s interpret this result in terms of
energy flux between a thermal reservoir and a black hole. If
the black hole, with initial temperature T , is in contact with
an energy reservoir with temperature TR 6= T , we can have
two different situations: (i) If T > TR, the black hole will
emit radiation and transfer heat to the reservoir. Since its en-
ergy is related with its mass, the black hole will lose mass,
in a process called evaporation. And since its temperature
is inversely proportional to its mass, the black hole temper-
ature will increase, moving further away from the equilib-
rium. (ii) If T < TR, the black hole will receive energy, in-
crease its mass and decrease its temperature, also moving
further away from the equilibrium. Therefore, in both cases,
the black hole never achieves the reservoir temperature TR.
If initially T = TR, there is no net flux, and the temperature
of the black hole does not change. Consequently, its mass
also remains constant.
4 Black hole and the empty space
Consider a Schwarzschild black hole with initial mass M0
and initial temperature T0 > 0 in empty space. Since this
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Table 1 Thermodynamic laws and Classical laws for black holes
Law Thermodynamic laws Black hole laws
0th Equality of temperatures is a condition for thermodynamic The surface gravity κ of a stationary blackequilibrium between systems or between parts of the same system hole is constant over its entire horizon
1st In an isolated system, the total energy of that system In an isolated system, including black holes, the total energyis conserved: dU = T dS−dW is conserved: dM = κ8pi dA+ΩH dL+ΦH dQ
2nd In an isolated system, during any process, the total entropy of The sum of the entropy of the black hole with its exteriorthe system increases or remains the same: δST ≥ 0 increases or remains the same: δSBH +δSext ≥ 0
3rd It is impossible to reduce the temperature of a system to It is impossible to reduce the surface gravity κ of a blackzero by a finite number of processes hole to zero by a finite number of processes
black hole is immersed in the vacuum, we can consider a
reservoir with zero temperature, TR = 0. The black hole will
then emit radiation, lose its mass and increase its temper-
ature, until the complete evaporation. In order to compute
how the mass changes with time, we will use the Stefan-
Boltzmann law for the power emitted by the black hole, and
we will also assume that the black hole emits as a perfect
black body1 [41, 42]. The power emitted is then:
L = σAT 4 =
h¯c6
15360piG2
1
M2
, (4)
where σ = pi
2k4B
60h¯3c2
is Stefan-Boltzmann constant, A = 4pir2S
is Schwarzschild black hole area with Schwarzschild radius
rS = 2GMc2 and temperature T =
h¯c3
8piGkBM . Note that we are
recalling the constants to use the international unit system
(SI) in order to compare our results with physical masses
and temperatures. Thus, the black hole mass decreases in
time according to
d
(
c2M
)
dt
=−L =− h¯c
6
15360piG2
1
M2
. (5)
The equation (5) has a simple analytical solution. Con-
sidering the initial time t = 0, the integration constant is
translated as initial mass of black hole M(t = 0)=M0. There-
fore we have
M(t) = M0
(
1− t
tV
)1/3
, t ∈ [0, tV ) (6)
where tV = 5120pi G
2
h¯c4 M
3
0 is the lifetime
2 of black hole. The
general behavior of the mass decay of a Schwarzschild black
hole can be viewed in the Figure 1, with intervals MM0 ,
t
tV
∈
[0,1).
1 We need to evidence that here we are making an approximation.
We are using the result 1, for a Schwarzschild black hole and con-
sidering a perfect black body emission, using the Stefan-Boltzmann
law. In order to take this more rigorously we should consider the an-
gular dependency (from quantized field) and the back-scattering (from
probability conservation) in the temperature derivation [22–24]. In this
case we would be dealing with a black hole as a gray body. The refer-
ence [46] considers them and estimates a numerical factor α = 10−4 in
equation 4, rewriting it as L = ασAT 4.
2 By lifetime we refer to the necessary time until that black hole
mass becomes zero, i.e., the necessary time until its complete evapora-
tion.
Fig. 1 General mass decay of a Schwarzschild black hole in empty
space.
For astronomical values of mass, the lifetime tV of a
black hole is normally a huge number. Table 2 shows this
value for three different initial masses: (i) the mass of Hy-
perion [43], (ii) the mass of the Sun [44] and (iii) the mass
of the supermassive black hole in the center of Milky Way
Galaxy [45].
Table 2 Lifetime of black holes with determined masses.
M (kg) tV (s)
Hyperion 5.6 ·1018 1.5 ·1040
Sun 2.0 ·1030 6.6 ·1074
Black hole of 4.5 ·106 M⊙
6.0 ·1094Milk Way center 9.0 ·1036
Notice that these values are much greater than the age
of the universe tuni ' 4.4 · 1017s [44], which implies that,
in practice, these black holes will not evaporate in this time
scale. For a black hole formed in the beginning of the uni-
verse to evaporate within the time scale of the universe, the
initial mass must be inside the interval M0 ∈ (10−9,1011)kg.
These values were obtained using tV = tP' 5.4 ·10−44s (Pla-
nck time [44, 47]) and tV = tuni respectively.
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5 Black hole and the cosmic microwave background
Now we are going to consider a Schwarzschild black hole
with mass M and temperature T immersed in cosmic mi-
crowave background radiation (CMB). This radiation will
act as a thermal reservoir to the black hole. In this first ap-
proach we will consider that the CMB have constant tem-
perature TCMB ' 2.7255K [44]. There will be an exchange
of energy between black hole and the CMB, and we can
use again the Stefan-Boltzmann law as a thermal current be-
tween them. So, parallel to equation (4), we have
J = σA
(
T 4−T 4CMB
)
. (7)
As we have made in equation (5), we can relate J =− d(Mc2)dt ,
finding
dM
dt
=− a
M2
+bM2, (8)
where a ≡ h¯c415360piG2 ' 4.0 · 1015
kg3
s and b ≡
4pi3k4BG
2T 4CMB
15h¯3c8
'
9.6 ·10−76 1s·kg . Here, we also have a complete analytical so-
lution for the differential equation 8:
t =
1
4 b3/4 a1/4
{
2arctan
[(
b
a
)1/4
M
]
+ log
(
a1/4−b1/4M
)
− log
(
a1/4+b1/4M
)}
. (9)
This equation is not so simple as equation 6 but it expresses
different behaviors for different ranges of mass M, includ-
ing unphysical ones for negative masses when M >−( ab)1/4
(this will be discussed later). This complete analytical solu-
tion was used to calibrate the complete numerical one and
to check the code used, since in the next section only the
complete numerical solutions will be used (together with
the asymptotic analytical solutions, because the complete
differential equations will be more complicated). Moreover,
according to initial temperature of the black hole, we have
three different situations: (i) the black hole will initially emit
energy to CMB if T > TCMB, (ii) the black hole will initially
absorb energy from CMB if T < TCMB, and (iii) there will be
no net flux if T = TCMB. Therefore, the right side (RHS) of
equation (8) can be negative, positive or zero, respectively.
Since the temperature of the reservoir does not change
with time, we know that (accordingly with the discussion
in section 3) if T > TCMB, then the black hole temperature
will always be greater than TCMB; if T < TCMB the tempera-
ture will always be smaller than TCMB; and if T = TCMB the
temperature will be constant and equal to TCMB. Hence, the
radiation temperature TCMB separates the three different be-
haviors, and we can compute the mass of the black hole with
temperature equivalent to TCMB as
MCMB =
h¯c3
8piGkBTCMB
' 4.5 ·1022kg. (10)
In terms of the mass, for initial mass of black hole M =
MCMB, the RHS of equation (8) will be zero, and the mass
(and also the temperature) will be constant. For M < MCMB,
the RHS of equation (8) will be negative, and the mass will
decrease with time, eventually evaporating (with the temper-
ature diverging). Finally, for M > MCMB, the RHS of equa-
tion (8) will be positive, and the mass will increase with time
(as the temperature approaches zero).
Analyzing the differential equation (8) using stream plot
we obtained the Figure 2, in arbitrary units. The goal of this
figure is to show the general behavior of the solutions of
equation (8). We can see clearly in this figure the three dif-
ferent behaviors for the mass of the black hole discussed
above: if M < MCMB, the mass will decrease to zero (until
complete evaporation), if M > MCMB, the mass will diverge,
and if M =MCMB, the mass will remain constant. The M = 1
in the figure plays the role of MCMB, and separates the other
two kinds of solutions. The total time that takes for the mass
to diverge or reach zero depends of the initial mass M =M0.
To obtain particular solutions to the differential equation
(8), we will analyze its asymptotic behavior, because now its
not so simple as equation (5). The energy emission is associ-
ated to the first term − aM2 , while the absorption is related to
the second term bM2. So, we have the following asymptotic
solutions:
1st term:
dM
dt
=− a
M2
M(t) = M0
(
1− t
tV
)1/3
, t ∈ [0, tV ) (11)
2nd term:
dM
dt
= bM2
M(t) =
M0
(1−bM0t) , t ∈
[
0,
1
bM0
)
(12)
Notice that equation (11) is identical to solution (6) for the
empty space. Taking the numerical solution of differential
equation (8) and comparing with the asymptotic solutions
(11) and (12), we can analyze how the masses of black holes
change with time.
In the figure 3 we used as initial condition Hyperion
mass M =Mhip0 ' 5.6 ·1018kg, smaller than the critical mass
MCMB (10). Thus, comparing the complete numerical solu-
tion (of equation (8)) with 1st term analytical solution (11),
we verify the superposition of these two solutions and the
decreasing of mass of this black hole with Mhip0 . Also, no-
tice that the time required for this black hole to evaporate is
exactly the lifetime for Hyperion, calculated in table 2, as
expected by 1st term analytical solution (11).
In Figure 4 we considered as initial condition a Schwar-
zschild black hole with Sun mass M = M
⊙
0 ' 2.0 · 1030kg,
greater than the critical mass MCMB (10). Again, compar-
ing the complete numerical solution, of equation (8), with
the 2nd term analytical solution (12), we can see the perfect
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Fig. 2 Stream plot (mass versus time) for a Schwarzschild black hole
immersed in cosmic microwave background radiation with constant
temperature. Note that we used arbitrary units (AU).
Fig. 3 Analytical asymptotic solution (for the 1st term) and complete
numerical solution for a Schwarzschild black hole with M = Mhip0 '
5.6 ·1018kg of Hyperion, immersed in cosmic microwave background.
accordance between this asymptotic solutions and the nu-
merical solution. Moreover, the maximum time achieved by
both curves in this figure (i.e., the time required for the mass
to diverge) is exactly the upper limit for the time interval in
equation (12), that for the Sun is t
⊙
C =
1
bM
⊙
0
' 5.21 ·1044s.
Therefore, according to the initial mass, these asymp-
totic solutions (11) and (12) model very well the behavior of
the masses of Schwarzschild black holes. The equation (11)
can be used when M < MCMB, and (12) when M > MCMB,
because in both cases one of the two terms in the RHS of
equation (8) will be dominant over the other one, and this
approach will be better the further away the initial mass
M = M0 is from MCMB (the convergence will be faster).
Finally, notice that the intervals considered for the time
in equations (11) and (12) are open in tV and 1bM0 , and the
Fig. 4 Analytical asymptotic solution (for the 2nd term) and complete
numerical solution for a Schwarzschild black hole with M = M
⊙
0 '
2.0 ·1030kg of Sun, immersed in cosmic microwave background.
reason is that the mass goes to zero or infinity, respectively.
Actually, there is no consensus about what happens in these
two limits, but we can safely assume that the approximation
used in this paper, i.e., perfect black body emitting radia-
tion accordingly to Stefan-Boltzmann law, will no longer be
valid, and other physics phenomena must be included in the
discussion, but that is beyond the scope of this paper. More
details about this discussion can be found in the section 7.
6 Black hole and the thermal evolution of the universe
We know that the universe evolve in time and, thus, there
is a thermal evolution of the matter and the energy content,
mainly for long time scales. In this way, this thermal evo-
lution is an important point to be considered for the mass
evolution of a Schwarzschild black hole. The details of the
calculations and approximations used in the present section
are found in appendix A.
In this analysis we will consider that the black hole ex-
change energy with the cosmic microwave background and
that the CMB temperature evolves in time according to dif-
ferent universe eras: radiation, matter and dark energy 3.
Hence, the thermal evolution of the CMB, in accordance
3 The time evolution of the universe is marked by three eras, i.e.,
three time intervals that are named according to the dominant con-
tent. Considering the “big bang” as time’s origins, the eras and its
time interval are: radiation era t ∈ (0,9.3 · 1011)s, matter era t ∈
(9.3 ·1011,3.7 ·1017)s and dark energy era t ∈ (3.7 ·1017,∞)s. For more
information see appendix A.
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with (45), is
TR(t) =
TCMB( 32piG
3 ρR0
)1/4 1t1/2 , t ∈ (0, tp1) (13)
TM(t) =
TCMB(
6piGρM0
)1/3 1t2/3 , t ∈ (tp1 , tp2) (14)
TΛ (t) = TCMBExp
[
−
(
8piG
3
ρΛ0
)1/2
t
]
, t ∈ (tp2 ,∞) (15)
where tp1 =
[
3
32piGρR0
( ρR0
ρM0
)4]1/2 ' 9.3 · 1011s is the limit
time for the radiation era, tp2 =
1
(6piGρΛ0 )
1/2 ' 3.7 · 1017s is
the limit time for the matter era, TCMB represents tempera-
ture of cosmic microwave background today and ρR0 , ρM0
and ρΛ0 represents radiation, matter and dark energy densi-
ties today, respectively.
The procedure here will be the same used previously in
the section 5, i.e., we are going to use the Stefan-Boltzmann
law as a thermal current between the Schwarzschild black
hole and the cosmic microwave background in the way that
Ji = σA
(
T 4−T 4i
)
, (16)
with i= R (radiation), M (matter) orΛ (dark energy). Again,
the black hole will emit (T > Ti) or absorb (T < Ti) energy,
and the CMB will behave as a thermal reservoir4. Thus, sub-
stituting the temperatures (13-15) and already transforming
J =− d(Mc2)dt , we have
Radiation:
dM
dt
=− a
M2
+b aR
M2
t2
(17)
Mater:
dM
dt
=− a
M2
+b aM
M2
t8/3
(18)
Dark energy:
dM
dt
=− a
M2
+b M2e−aΛ t (19)
with a = h¯c
4
15360piG2 ' 4.0 · 1015
kg3
s , b =
4pi3k4BG
2T 4CMB
15h¯3c8
' 9.6 ·
10−76 1s·kg , aR =
1
( 32piG3 ρR0)
' 9.6 ·1038s2, aM = 1
(6piGρM0)
4/3 '
2.0 ·1047s8/3 and aΛ =
( 128piG
3 ρΛ0
)1/2 ' 7.2 ·10−18s−1. The
equations (17-19) are more complicated than equation (8)
because we have direct dependence in t. In this way, there is
no analytical solution.
In the Figure 5 below we have constructed the stream
plot for the differential equation (17), in arbitrary units. The
goal of this figure is to show the general behavior, not only
for solution of the equation (17), but for all solutions of
equations (17-19). The reason is that these three differen-
tial equations have the same general behavior for the mass
4 Even thought the CMB temperature is changing with time, we are
considering that this change does not interfere with the energetic ex-
change between the CMB and the black hole, i. e., the CMB is still a
thermal reservoir.
Fig. 5 Stream plot (mass versus time) for a Schwarzschild black hole
exchanging energy with CBM in the radiation era. Notice that we used
arbitrary units (AU).
evolution of Schwarzschild black holes. Note that now these
equations do not have a critical mass, as the MCMB (10) in
the section 5. Hence, we can see two different behaviors:
the mass will decrease to zero, until complete evaporation
(even though it can increase in the beginning) or the mass
will diverge, accordingly to its initial mass and universe era.
Finally, there is no constant mass behavior because we have
the time evolution in all the three cases.
As we have made in section 5, we can analyze the asymp-
totic behaviors for equations (17-19). These three equations
have two terms that leads to two different asymptotic solu-
tions. The 1st term of differential equations (17-19) (equal
for the three equations) can be written as
1srt term:
dMi
dt
=− a
M2i
⇒ Mi(t) = M0i
[
1− (t− t0i)
tVi
]1/3
, (20)
where the index i = R,M or Λ represents respectively radi-
ation, matter or dark energy eras, Mi(t0i) = M0i is the initial
mass for the black hole in each era, t0i represents the ini-
tial time in each era (t0R = 0
5 for radiation era, t0M = tp1 '
9.3 ·1011s for matter era and t0Λ = tp2 ' 3.7 ·1017s for dark
energy era), and tVi = 5120pi
G2
h¯c4 M
3
0i represents the lifetime
5 Observe that, physically, t0i = 0 for radiation era. However, as we
have solved the expressions numerically, we have fixed a initial time,
being small but not null. The choice was t0R ≡ 10−3s.
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of black hole6. The equation (20) has the intervals:
t ∈ (t0i , t0i + tVi), if t0i + tVi < t iend of era (21)
t ∈ (t0i , t iend of era), if t0i + tVi > t iend of era (22)
where t iend of era is the final time of each era (t
R
end of era = tp1 '
9.3 · 1011s for the radiation era, tMend of era = tp2 ' 3.7 · 1017s
for the matter era and tΛend of era∼∞ s for the dark energy era).
Moreover, the equation (22) states that if the black holes life-
time tVi exceeds the limit of the considered era, we need to
consider the solution relative to the next era, using its final
mass (relative to the previous era) as initial mass for the next
era. Besides that, the 1st term is still related to energy emis-
sion for black holes.
The 2nd term of the differential equations (17-19) are
different and they can be written as
2nd Radiation:
dM
dt
= b aR
M2
t2
,
⇒ M(t) = M0R t0R t
t0R t+M0R b aR (t0R − t)
, (23)
2nd Matter:
dM
dt
= b aM
M2
t8/3
,
⇒ M(t) = 5 M0M t
5/3
0M
t5/3
5 t5/30M t
5/3+3 b aM M0M
(
t5/30M − t5/3
) , (24)
2nd Dark energy:
dM
dt
= b M2e−aΛ t ,
⇒ M(t) = M0Λ aΛ
aΛ +M0Λ b
(
e−aΛ t − e−aΛ t0Λ ) , (25)
where M0R , M0M , M0Λ , t0R , t0M and t0Λ have the same values
interpreted and discussed after equation (20). The respective
intervals are
Radiation: t ∈ (t0R , tRC) ,
tRC =
b aR M0R t0R
(b aR M0R − t0R)
if tRC < t
R
end of era, (26)
Matter: t ∈ (t0M , tMC ) ,
tMC =
(3 b aM M0M )
3/5 t0M(
3 b aM M0M −5 t5/30M
)3/5 if tMC < tMend of era, (27)
Dark energy: t ∈
(
t0Λ , t
Λ
C
)
,
tΛC =−
1
aΛ
ln
(
e−aΛ t0Λ − aΛ
bM0Λ
)
if tΛC < t
Λ
end of era, (28)
where t iC, for i = R,M or Λ , represents the critical time (in-
side each era) for which the mass of the black hole diverges
and t iend of era has the same interpretation and the same values
6 Note that the lifetime tVi just refers to the initial mass of the black
hole, i.e., it is independent of any parameter relative to the universe
eras. This happens because the equations (17-19) have the same 1st
term.
according to discussion after equations (21) and (22). Thus,
we have a second case for the time interval of those three
eras given by
t ∈ (t0i , t iend of era), if t iC > t iend of era. (29)
The equation (29) state that, if the critical time t iC exceeds
the limit of the considered era, we need to consider the solu-
tion relative to the next era, using its final mass (relative to
the previous era) as initial mass for the next era. Moreover,
the 2nd term is related to energy absorption for black holes.
Again, we are going to compare the asymptotic solutions to
the complete numerical solutions.
Fig. 6 Complete numerical solution to time evolution of a black hole
with initial mass MHip0 ' 5.6 ·1018kg of Hyperion for radiation, matter
and dark energy eras. Note that we have used the logarithm scale in the
horizontal axis.
Fig. 7 Complete numerical solution to time evolution of a black hole
with initial mass M
⊙
0 ' 2.0 · 1030kg of Sun for radiation, matter and
dark energy eras. Note that we have used the logarithm scale in the
horizontal axis.
We can analyze the mass of the black hole using the an-
alytical asymptotic solution and the numerical solution of
equations (17-19). First, we are going to study the behav-
ior of black holes with initial masses of Hyperion and Sun.
As we can see in the Figures 6 and 7, we verify that, for
these two cases, the mass remains approximately constant
within each universe era. The vertical dotted lines represent
the intersection between two respective eras: tR&M = tp1 '
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9.3 · 1011s between radiation and matter eras and tM&Λ =
tp2 ' 3.7 ·1017s between matter and dark energy eras. Note
that we have used the logarithm scale in the horizontal axis
to get a better representation for the three eras (the time
scales of radiation and dark energy eras are small when com-
pared to the matter era scale).
Thus, for those initial conditions we expect the decrease
of the black hole mass for very long periods of time. It is
interesting to note that, comparing the two cases with initial
Sun mass (M0 = M⊙), for constant CMB temperature and
CMB temperature varying accordingly to the universe eras,
in the former case the mass will increase and, in the latter
case it will decrease.
Fig. 8 Mass evolution comparison of black hole immersed in cos-
mic microwave radiation with temperature evolving according to the
universe eras with initial masses Mhip0 ' 5.6 · 1018kg of Hyperion and
M
⊙
0 = 2.0 ·1030kg of Sun. The plots show the analytical solution of the
1st term and complete numerical solution to each era.
Now we can analyze the behavior of masses of Hyperion
and Sun, still using analytical asymptotic solution and com-
plete numerical solution, but extrapolating the time intervals
of each era, i.e., taking them as t ∈ (0, tV ), where tV is the
lifetime of each body (tHipv ' 1.5 ·1040s e t
⊙
v ' 6.6 ·1074s).
In this way we can compare those solutions to asymptotic
analytical solution of 1st term (20) of differential equations
(17-19), which is equivalent to the solution of empty space
(6). This comparison is made in the Figure 8, where we see
the superposition between the complete numerical solution
to each era and the 1st term analytical solution. We can see
that the mass are decreasing and consequently the temper-
ature increasing, leading to its evaporation due to radiation
emission. Hence, the asymptotic solution of 1st term pro-
vides perfectly the behavior of the mass of a black hole for
these specific initial conditions.
Table 3 Black hole masses with lifetime equal to the era duration:
radiation, matter and dark energy.
tV (s) M (kg)
Radiation era 9.3 ·1011 2.2 ·109
Matter era 3.7 ·1017 1.6 ·1011
Dark energy era 6.6 ·1016 9.2 ·1010
Thus, for those initial conditions we expect the decrease
of the black hole mass for very long periods of time (in the
dark energy era). It is interesting to note that, comparing the
two cases with initial Sun mass (M0 = M⊙), for constant
CMB temperature and CMB temperature varying accord-
ingly to the universe eras, in the former case the mass will
increase until diverge and in the latter case it will decrease
until complete evaporation.
Following the idea of complete evaporation of a black
hole, we computed in Table 3 the initial masses of black
holes with lifetime equal to the duration of the universe eras,
and we considered, for convenience, the end of dark energy
era as the universe lifetime (today date). Then we verified
the expected behavior, of evaporation, for those masses us-
ing complete numerical solution of equations (17-19) com-
paring with analytical solution of 1st term (20). As we can
see in the Figure 9, these plots always match, confirming
the previous presented idea. Therefore, for black holes with
masses smaller than the masses founded here we always
have the complete evaporation, in each era respectively.
We also have found the initial mass, for each era, that
makes the black hole to increase its mass initially, i.e., the
mass of what we expect to follow the “unstable equilibrium”
between the two situations: emission and absorption of ra-
diation. We have estimated these values imposing that the
second derivative in time of equations (17-19) is null, and
these values can be seen in the Table 4. See that, one more
time, we have used the initial time t0 for the radiation era as
explained in the footnote 5.
This evaluation is an estimate, because this analysis pro-
vides the behavior inversion (increasing instead of decreas-
ing mass) for the plots in the initial point of each era and
not along all points in question. We can see, for the initial
conditions of Table 4, the increasing behavior of the mass
for each era in the Figure 10.
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Fig. 9 Mass evolution comparison of a black hole immersed in cosmic
microwave background radiation with temperature evolving according
to the universe eras with initial masses equal to the masses of black
holes with lifetime according to the time interval of each universe era
(given by Table 3). The plots show the analytical solution of the 1st
term and the complete numerical solution to each era, respectively.
Table 4 Minimum black hole masses that present initially increasing
behavior for each universe eras.
t0 (s) M (kg)
Radiation era 10−3 1.1 ·1033
Matter era 9.3 ·1011 6.2 ·1047
Dark energy era 3.7 ·1017 5.4 ·1058
Finally, for initial masses greater than those previously
found with the anterior estimate, we expect the indefinite in-
Fig. 10 Complete numerical solution for the mass evolution of a black
hole immersed in cosmic microwave background radiation with tem-
perature evolving according to the universe eras with initial masses that
gives initially increasing behavior for each universe era (given by Table
4).
creasing of the black hole masses, with radiation absorption
and decreasing of temperature, that can be seen in the Figure
11.
In the plots of the Figure 11 we see the comparison of the
complete numerical solution for each era with the asymp-
totic solution of the 2nd term of equations (23-25). In all the
cases we can see the superposition of solutions, conclud-
ing that, one more time, the asymptotic solutions of the 2nd
term describes with mastery the numerical solution for the
appropriate initial conditions. Besides that, the maximum
time achieved by both curves, in the three plots, asymptotes
the ones expected by the maximum value of the valid in-
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Fig. 11 Solutions for the mass evolution of a black hole immersed
in cosmic microwave background radiation with temperature evolving
according to universe eras with initial masses greater than the ones
given by Table 4. The plots show the analytical solution of the 2nd term
and complete numerical solutions to each era, respectively. Notice that
the curves do not reach the end of the eras, because the masses diverges
before.
terval, (26-28), in the solutions of 2nd term (23-25). They
are, respectively, tRC ' 0.00100216s, tMC ' 1.06103 · 1012s
and tΛC ' 1.18256 ·1018s.
7 Final considerations
Until now, the possibility of a complete evaporation of a
black hole is an open question. The point is that, when a
black hole evaporates, it loses its event horizon, the entity
that hides its inner states. Thus, all of the information inside
the black hole disappears with its evaporation. This leads to
what is called information loss. It occurs because, as sug-
gested by semi-classical arguments, in the process of black
hole formation and evaporation, a pure quantum state will
evolve to a mixed state. Some possible alternatives to a non-
existence of a complete evaporation of a black hole could
be that the black hole evaporates until its length reaches the
Planck scale, or the information comes out in a final burst,
or that black holes quantum tunnels into a white hole, or
even that no black hole ever forms. These ideas are dis-
cussed in the references [39, 48] but they are not explored
in the present paper, because we have considered complete
evaporation of the black holes, in their appropriate regimes.
There is another feature that we have not considered in
the present paper: the “origins” of the black holes that we
are working with, i.e., we have considered just the intervals
for the masses, and not the formation process for the black
holes; in special, we have not discussed if they are primor-
dial or not. Besides that, we have also only considered the
semi-classical approach, the Hawking radiation to the en-
ergy exchanges between the black hole and the environment.
The reference [49] considers the black hole evolution in the
cosmological context, reviewing results related to thermody-
namics of semi-classical black holes with influx of ambient
particles and flux from its evaporation. The reference [50]
discuss about evaporation of mini black holes. And a more
recent work [51] presents a picture of the quantum mechan-
ics of a collapse-formed, evaporating black hole. This one
describes the radiation from the black hole in terms of “hard
modes” and “soft modes”, showing an entanglement struc-
ture between them and the Hawking radiation. Again, these
considerations are out of the scope of this present work, but
can be used to complement the analysis made by us.
It is interesting to make a discussion about the diver-
gence of the masses of the black holes that is observed for
some values of the parameters. Those situations happen in
sections 5 and 6. In section 5, we have the black hole im-
mersed in cosmic microwave background with constant tem-
perature, so we expect M → ∞ for black holes with M0 >
MCMB (10). In section 6 we still have the black hole im-
mersed in cosmic microwave background, but with CMB
temperature varying in time according to the universe eras.
In both cases it is important to explain two main points.
First, neither the complete numerical solutions, neither the
asymptotic analytical solutions are able to provide the be-
havior of masses greater than the last pair of points in the
respective plots (see Figure 4 in section 5 and Figure 11 in
section 6) - numerically, the software used (Mathematica)
do not allow us to see bigger time intervals.
The second point is that the analytical asymptotic solu-
tions ((12) for section 5 and (23-25) for section 6) have a
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finite time interval, i.e., there are critical times tC = 1bM0
7
and t iC (for i = R,M or Λ )
8 where the black holes masses
diverge in a finite time. For time-values greater than the crit-
ical time, the masses become negative, and our equations
are no longer valid (physically no-reasonable region). In this
way, for t > tC, our model loses its valid. Moreover, phys-
ically we can think that, while we increase the black hole
mass, using a finite number of physical processes, we de-
crease its temperature and, consequently, its surface gravity.
Therefore, the 3rd law of black hole thermodynamics arises
in this limit and prevents the masses to diverge in a finite
time, implying that some other physical effects must take
place to prevent the divergence of the mass. Besides all that,
when the mass goes to infinity, so does the Schwarzschild
radius (the event horizon radius of the black hole), meaning
that the black hole is getting arbitrarily big, which is clearly
not realistic, since it would interact with other fields and ob-
jects, and our assumptions are no longer valid (neither our
equations).
In the case of a black hole immersed in cosmic microwave
background with temperature evolving in time we have the
division of time intervals in eras. So, we have the same black
hole with different initial masses at the beginning of each
era, where its final mass in one era is equal to its initial
mass in the subsequent era. Therefore, the behavior of the
black hole (increase or decrease of its mass) can change be-
tween the eras. If we observe the table 4 we can say that,
for the black hole to increases its mass in the radiation era,
the same has to have an initial mass of M0R & 1.1 · 1033kg,
but the mass cannot be much greater than this value, be-
cause, if we observe the figure 11, it will diverge for M0R ∼
5 · 1035kg. Hence, the allowed interval for the initial mass
which causes the mass to increase throughout the radiation
era is 1.1 ·1033 .M0R . 5 ·1035kg. The same interval for the
matter and dark energy eras are 6.2 ·1047.M0M . 4 ·1048kg
and 5.4 ·1058 .M0Λ . 1.1 ·1059kg respectively.
Notice that these intervals are very narrow, which means
that our equations are very sensitive about great values of
masses. In order for the masses to grow, but not diverge,
throughout each era, the initial masses must satisfy these
intervals. In special, if a black hole possess initially 1.1 ·
1033 . M0R . 5 · 1035kg in the radiation era, it is possible
to reach the matter era with 6.2 · 1047 . M0M . 4 · 1048kg,
and then reach the dark energy era with 5.4 ·1058 .M0Λ .
1.1 ·1059kg. In this case, the mass will always increase, from
the beginning of the universe until today.
This paper contains a broad discussion about the mass
evolution of Schwarzschild black holes. We have consid-
ered the black holes immersed in different environments like
empty space and the cosmic microwave background (with
7 See valid interval for (12).
8 See valid intervals for (26-29).
constant and evolving in time temperature), and in all cases
we considered the Stefan-Boltzmann law to model the evo-
lution of the masses in time. We have analyzed all the equa-
tions according to asymptotic solutions and compared the
numerical results to them, achieving the same results in all
solutions and all cases. Besides that, we have considered
several initial mass conditions to illustrate the different be-
haviors of black holes, with masses increasing or decreasing.
Finally, it is worthy to say that this paper summarizes
the Master Degree dissertation of Natali Soler Matubaro de
Santi, that can be viewed, in Portuguese, for more details,
in [52].
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APPENDIX
A Thermal evolution of the universe
The thermal evolution of the universe can be viewed using the flat uni-
verse model (κ = 0 in the Friedmann’s equations (31) and (32)) [2, 4,
40]. In the present appendix we are going to introduce the Friedmann-
Lematre-Robertson-Walker (FLRW) metric, Friedmann’s equations, en-
ergy momentum tensor for a perfect fluid and the necessary approxi-
mations to this model.
We know that the universe is homogeneous, isotropic and evolves
in time. To describe the universe we use the FLRW metric
ds2 =−dt2 +a(t)2
[
dr2
(1−κr2) + r
2 (dθ 2 + sin2 θ dφ 2)] , (30)
where a(t) is the expansion factor of the universe, r is the radial coor-
dinate, θ and φ are the angular spherical coordinates and κ9 a param-
eter related with the curvature and with dimension L−2. The perfect
fluid consideration10 as curvature generator and the Einstein’s equa-
tions lead us to the so-called Friedmann’s equations, and these equa-
tions define the time evolution of matter and energy. They can be writ-
ten as(
a˙
a
)2
=
8pi
3
ρ− κ
a2
, (31)
a¨
a
=−4pi
3
(ρ+3p) , (32)
with a˙ = dadt , ρ the matter density and p its pressure. Besides Fried-
mann’s equations, we can use some properties of the energy-momentum
tensor and compute
∇µT
µ
0 = ∂0(−ρ)+
(
Γ 101 +Γ
2
02 +Γ
3
03
)
(−ρ)− (Γ 101 +Γ 202 +Γ 303) p. (33)
Since ∇µT µν = 0 we have
−∂tρ− 32
∂t a2
a2
ρ =
3
2
∂t a2
a2
p. (34)
9 The curvature parameter κ classifies the universe as: closed with
positive curvature (κ = 1), plane and without curvature (κ = 0) and
opened with negative curvature (κ =−1).
10 We choose the 4-velocities being uµ = (1,0,0,0).
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Note that, writing ∂t a3 = 3a2∂t a and ∂t a2 = 2a∂t a, we get the follow-
ing state equation
d(a3ρ)
dt
=−p da
3
dt
. (35)
It is worthy to say that this equation (35) does not replace Friedmann’s
equations because, although it provides a temporal evolution of the
matter and energy content of the universe, it is not straightly related to
the universe curvature.
Fig. 12 Density evolution of radiation, matter and dark energy accord-
ing to expansion factor aa0 of the universe. Note that we have used the
logarithm scale in both axes.
The division of the matter and energy content of the universe is:
radiation, matter and dark energy. The radiation includes the photons,
the cosmic microwave background, the gravitons and the neutrinos,
i.e., particles that satisfies the state equation pR =
ρR
3 . By matter we
refer to hadronic and dark matter11, entities whose pressure will be
negligible when compared to the density: pM = 0. And finally, the dark
energy12 satisfies pΛ =−ρΛ . Given those state equations we can inte-
grate the equation (35) and obtain
ρR = ρR0
(a0
a
)4
(36)
ρM = ρM0
(a0
a
)3
(37)
ρΛ = ρΛ0 , (38)
where ρi0 is the radiation density (i = R), matter density (i = M) and
dark energy density (i =Λ ) today and a0 is the expansion factor of the
universe today.
Using the experimental values, found in [44], to the radiation,
matter and dark energy, we compute their respective present densi-
ties ρR0 ' 4.6 ·10−31 kgm3 , ρM0 ' 2.7 ·10−27
kg
m3 and ρΛ0 ' 5.8 ·10−27
kg
m3
and we plot the evolution of the densities ρR, ρM and ρΛ versus the
expansion factor of the universe normalized aa0 , viewed in the Fig-
ure 12. Observe that we have highlighted three different phases, that
we called of radiation era, matter era and dark energy era. Every
phases is dominated by one matter and energy content of the universe.
They are the so-called universe eras. The divisions are represented
by the vertical dashed lines, where the densities intersect each other:
p1 = aa0 =
ρR0
ρM0
' 1.7 ·10−4 and p2 = aa0 =
( ρM0
ρΛ0
)1/3
= 7.7 ·10−1.
11 The dark matter means some kind of unhadronic matter that does
not interact with electromagnetic radiation.
12 By dark energy we mean some kind of energy that is still unknown
and extends uniformly throughout all the universe and seems like “vac-
uum energy”. Because of it, one of its proposals is related to non-null
cosmological constant Λ .
Still using the experimental values of the Reference [44], we can
say that nowadays the universe is flat, in other words, the curvature
parameter κ= 0. This statement can be viewed rewriting equation (31)
as
Ω −1 = κ
H2a2
, (39)
where Ω = 8pi3H2 ρ =
ρ
ρcrit is the density parameter, ρcrit =
3H2
8pi is the
critical density and H = a˙a the Hubble’s parameter. As Ω is the sum
of the parameters of radiation, matter and dark energy densities, using
their experimental values we can see that
Ω =ΩR +ΩM +ΩΛ ' 5.46 ·10−5 +0.315+0.685∼ 1, (40)
which implies, by equation (39), that κ = 0.
Now we are going to connect the time evolution of the matter and
energy content of the universe with Einstein’s equations. To do this, we
just need to replace the results (36-38) in the Friedmann’s equations
(31) and (32). In order to do this, let’s then consider a flat universe
(κ = 0) not just today but throughout the evolution of the universe (as
commented above)13. Thus, replacing the densities in the 1st Fried-
mann’s equations (31), we find(
a
a0
)
=
(
32pi
3
ρR0
)1/4
t1/2, t ∈ (0, tp1 ) (41)(
a
a0
)
= (6piρM0 )
1/3t2/3, t ∈ (tp1 , tp2 ) (42)(
a
a0
)
= Exp
[(
8pi
3
ρΛ0
)1/2
t
]
, t ∈ (tp2 ,∞), (43)
where, recovering the units using SI, tp1 =
[
3
32piGρR0
( ρR0
ρM0
)4]1/2 '
9.3 ·1011s and tp2 = 1(6piGρΛ0 )1/2 ' 3.7 ·10
17s, and these values were ob-
tained replacing p1 and p2 respectively in (41) and (42). Note that we
integrate indefinitely, in a and in t, the expressions (41) and (42), disre-
garding any integration constant. We have also integrated indefinitely
in (43), defining a0 as integration constant. This is an approximation
to the solution of (31) in terms of dominance intervals of radiation,
matter and dark energy, and the result stays undefined due to a lack of
the integration constants. However, since we are not interested in the
continuity of the solution to equation (31), but in its form, our result is
convenient to our analysis.
Finally, we need to relate the temperature with the universe den-
sities. We know that a black body emits radiation with energy density
according to Stefan-Boltzmann’s law, i.e., L ∝ T 4. We saw that the
density radiation of the universe can be written as ρR ∝
( a0
a
)4. Thus,
doing a dimensional analogy, we can say that the radiation temperature
evolves as
TR = TCMB
(a0
a
)
, (44)
where TCMB is the temperature of the cosmic microwave background
today. Therefore, considering that the radiation has temperature Ti,
with i = R,M,Λ , related to the fraction a0a , and that this fraction as-
sumes different expressions according to the universe eras: radiation
(R), matter (M) and dark energy (Λ ), we have
TR =
TCMB( 32pi
3 ρR0
)1/4 1t1/2 , t ∈ (0, tp1 ),
TM =
TCMB(
6piρM0
)1/3 1t2/3 , t ∈ (tp1 , tp2 ), (45)
TΛ = TCMB Exp
[
−
(
8pi
3
ρΛ0
)1/2
t
]
, t ∈ (tp2 ,∞).
13 This choice is our main approximation to this model.
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Hence, we can use these results in subsection 6 assuming that the
black hole is exchanging energy with the universe, considering the
three different ways of thermal evolution.
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